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Abstract
We study light-ray operators constructed from the energy-momentum tensor in d-
dimensional Lorentzian conformal field theory. These include in particular the average
null energy operator. The commutators of parallel light-ray operators on a codimen-
sion one light-sheet form an infinite-dimensional algebra. We determine this light-ray
algebra and find that the d-dimensional (generalized) BMS algebra, including both the
supertranslation and the superrotation, is a subalgebra. We verify this algebra in cor-
relation functions of free scalar field theory. We also determine the infinite-dimensional
algebra of light-ray operators built from non-abelian spin-one conserved currents.
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1 Introduction
In this paper we study a local version of the standard Poincare´ symmetry algebra. We
consider non-local operators that are supported along a light-ray and can be expressed as
integrals of conserved currents. One such light-ray integral is the average null energy (ANEC)
operator
E ≡
∫ ∞
−∞
dx−T−−(x) . (1.1)
In addition, we also consider the light-ray operators
K ≡
∫ ∞
−∞
dx−x−T−−(x) , NA ≡
∫ ∞
−∞
dx−T−A(x) . (1.2)
Our main result is to determine the algebra obeyed by such light-ray operators using the
elementary constraints of causality, unitarity, and Ward identities of Poincare´ symmetries.
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The algebra of these light-ray operators is therefore universal and exists in any unitary
conformal field theory.1 In particular we show that the (generalized) Bondi-van der Burg-
Metzner-Sachs (BMS) algebra of [1–3] is a subalgebra of smeared versions of these light-
ray operators. We verify that this algebra is consistent with conformal Ward identities in
Appendix A. We also discuss analogs for internal global symmetries and verify the light-ray
algebra in the special case of free scalar field theory.
It is instructive to compare our results to a more standard analysis of symmetries in
quantum field theory. In general, a continuous global symmetry is associated with a con-
served current local operator jµ(x). The associated charge operator Q is a non-local operator
supported on a codimension one manifold Σ
Q =
∮
Σ
dΣµjµ(x) . (1.3)
For instance, in the most elementary application Σ is taken to be a spatial slice. Current
conservation implies that we can continuously deform Σ (provided we do not cross any
charged local operators) while leaving correlation functions invariant. Thus, the charge Q is
a topological operator, a fact which is instrumental in deriving some of the most powerful
consequences of symmetries such as Ward identities. (see e.g. [4])
To place the light-ray operators on a similar footing we further smear them on a codimen-
sion one light-sheet S : x+ = 0 in Minkowski spacetime with metric ds2 = −dx+dx−+|dx⊥|2.
For example, the smeared version of the ANEC operator (1.1) is given by
T (f) ≡
∮
S
dSµ f(x⊥)Tµ−(x) =
∫
dd−2x⊥ f(x⊥) E(x⊥) , (1.4)
where above f(x⊥) is an arbitrary function of the transverse coordinates on S. This is a local
version of the translation charge along the x− direction since in the special case of constant f ,
(1.4) reduces to P−. However, there is an important distinction between these more general
non-local operators T (f) and the Poincare´ charge operator P−. Since the underlying current
(i.e. f(x⊥)Tµ−, for T (f)) is not conserved, the non-local operator T (f) is not a topological
operator. In particular, the definition of T (f) depends on the details of the codimension one
manifold where it is supported.
Despite these differences, we will still see that these non-local operators satisfy an in-
teresting infinite-dimensional algebra if they all lie on the same light-sheet S. For instance,
when interpreted as part of the BMS algebra T (f) plays the role of a supertranslation. In
particular, this means that the T (f) operators commute with each other. In terms of the
1In our derivation, conformal symmetry enters through unitarity bounds on local operators. It would be
interesting to see if the algebra we find also holds in more general quantum field theories.
2
original light-ray operators, this is equivalent to the statement that parallel ANEC operators
on the same light-sheet commute
[E(x⊥1 ), E(x⊥2 )] = 0 . (1.5)
The same conclusion has also been reached in [5] (see also [6]).
Our work touches on diverse subjects, including the null energy condition, quantum
information theory, asymptotic symmetries, and soft theorems. Let us expand on these
connections below.
The ANEC operator E has been central to many recent developments in quantum field
theory. One of its most important features is that it is non-negative, i.e. it has a positive
expectation value in any state: 〈Ψ|E|Ψ〉 ≥ 0. This result was established using conformal field
theory methods in [7], and using information theoretic techniques in [8]. In the conformal
collider setup of [9], this positivity is applied to constrain conformal field theory data such as
OPE coefficients. In our context these constraints mean that the physical representation of
the algebra of light-ray operators on the Hilbert space enjoys positivity conditions analogous
to unitarity constraints. Further aspects of light-ray operators are discussed in detail in
[10,11].
The connection between the light-ray operators such as T (f) and quantum information
theory has been explored in [5]. There, the difference between the modular Hamiltonian
of regions having future horizon lying on the light-sheet S and the modular Hamiltonian
of their complementary regions were shown to be given by linear combinations of smeared
versions of (1.1) and the first term of (1.2). Moreover in that context, the algebra of light-ray
operators
∫
dx−(x−)nT−− was determined. We apply the same techniques to fix the algebra
of operators (1.1) and (1.2) below.
The BMS algebra has recently made an extensive appearance in the study of soft gravi-
ton physics and its connection to asymptotic symmetries [12, 13]. See [14] and references
therein. In that context the BMS generators are interpreted as adding soft (zero momen-
tum) gravitons to the external states, and the resulting BMS symmetry of the S-matrix has as
a consequence the soft graviton theorems [15]. Connections between modular Hamiltonians
and soft theorems have also been explored in [16].
Although we will not explore this relationship in detail here, we observe that the light-ray
operators are naturally related to asymptotic symmetries. Indeed, since the algebra we find
is constructed from the energy-momentum tensor it can be interpreted as the algebra of local
modifications of the metric on the light-sheet. By applying a conformal transformation, we
can move this light-sheet to future null infinity and the BMS algebra of light-ray operators
manifests as generators of the asymptotic symmetries. Moreover, such operators are clearly
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connected to the insertion of soft gravitons since they are given by integrals of the energy-
momentum tensor. In particular, the supertranslation generator T (f) has vanishing null
momentum P−. Therefore when acting on states of fixed P− it produces other degenerate
states of the same null momentum, and it is tempting to speculate that this is related to
the soft degeneracy [12] and memory effect described in [17, 18]. We leave a more detailed
investigation of this direction to future work.
2 The BMS Algebra
We will work in d-dimensional Minkowski spacetime Rd−1,1 with metric ds2 = −dx+dx− +
dxAdxA, where x± = x0 ± x1 are the lightcone coordinates and xA with A = 2, 3, · · · d − 1
are the transverse coordinates. The transverse coordinates {xA} will often be collectively
denoted by x⊥. Let S be a codimension one light-sheet defined as
S : x+ = 0 . (2.1)
We will denote the transverse Rd−2 to the 01-plane byM, i.e.M : x+ = x− = 0. The BMS
algebra will be defined on M.
In the context of asymptotic symmetry and soft theorems, M is usually taken to be the
celestial sphere Sd−2 at the future (or past) null infinity in Minkowski spacetime Rd−1,1 (see,
for example, [14]). This configuration is related to the above by a conformal transformation
[9]:
x′+ = − 1
x+
, x′− = x− − |x
⊥|2
x+
, x′A =
xA
x+
. (2.2)
For simplicity, we will work in the conformal frame where M = Rd−2 with a flat metric.
The BMS algebra [1–3] is an infinite-dimensional algebra generated by the supertranl-
sations and the superrotations. The supertranslation, denoted as T (f), is generated by a
scalar function f(x⊥) onM. The superrotation, denoted as R(Y A), is generated by a vector
field Y A(x⊥) on M. Both operators are linear in their arguments
T (f1 + f2) = T (f1) + T (f2) , R(Y A1 + Y A2 ) = R(Y A1 ) +R(Y A2 ) . (2.3)
The commutation relations in d dimensions are [19]
[T (f1), T (f2)] = 0 ,
[T (f),R(Y A)] = iT (g) , g = 1
d− 2f∂AY
A − Y A∂Af ,
[R(Y A1 ),R(Y A2 )] = iR(Y A3 ) , Y A3 = Y B1 ∂BY A2 − Y B2 ∂BY A1 .
(2.4)
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In the standard BMS algebra, Y A(x⊥) is restricted to be a globally well-defined conformal
Killing vector. The more general algebra with Y A(x⊥) being any smooth vector field on
M is called the generalized BMS algebra [20] (see also [19, 21–24]). In Section 3.4 we will
reproduce the generalized BMS algebra from the commutators of light-ray operators.
3 The Algebra of Light-ray Operators
3.1 Light-ray Operators
In this section we determine the algebra of parallel light-ray operators placed on the light-
sheet S : x+ = 0. All operators we consider will be extended along the x− direction.
The operators we consider are expressed as integrals of the energy-momentum tensor:
E(x⊥) ≡
∫ ∞
−∞
dx−T−−(x−, x+ = 0, x⊥) , (3.1)
K(x⊥) ≡
∫ ∞
−∞
dx− x− T−−(x−, x+ = 0, x⊥) , (3.2)
NA(x⊥) ≡
∫ ∞
−∞
dx− T−A(x−, x+ = 0, x⊥) . (3.3)
In particular E(x⊥) is the ANEC operator.
These light-ray operators are the local versions of some of the charge operators of the
Poincare´ algebra. If we further integrate them in the transverse directions with a constant
profile, we obtain the generators of the Poincare´ algebra:
P− =
∫
dd−2x⊥E(x⊥) , J01 =
∫
dd−2x⊥K(x⊥) , PA =
∫
dd−2x⊥NA(x⊥) , (3.4)
where P− is the translation along the x− direction, J01 is the boost on the 01-plane, and PA
is the translation along the xA direction.2 The only nonzero commutator between the global
charges P−, J01, PA is [J01, P−] = −iP−.
In the following we will compute the commutators of these parallel light-ray operators
E(x⊥),K(x⊥),NA(x⊥) on S separated by their transverse coordinates x⊥. We will determine
the light-ray commutators following the arguments in [5]. The argument is based on:
• Microcausality: Space-like separated operators commute with each other.
2 The boost current is usually defined as x0Tµ1 − x1Tµ0, but can be written as x−Tµ− on the light-sheet
S where x+ = 0.
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• Unitarity: All local operators transform in unitary representations of the conformal
group SO(d, 2). Such representations are classified in [25–27].
• Ward Identities: The global charges P−, J01, PA implement the Poincare´ transforma-
tions on operators.3
In addition to these basic assumptions which are valid in every unitary conformal field
theory we also require a minimality hypothesis regarding the general properties of non-local
operators supported on light-rays. We elevate it to an additional assumption:4
• Closure: Given two parallel light-ray operators on S that can each be expressed as the
integral of a conserved current local operator, their commutator can also be expressed
as the integral of a local operator.
Note that by comparison, the operator product expansion (OPE) of such parallel light-ray
operators in general contains light-ray operators that cannot be written as the integral of
local operators [9, 11]. It would be interesting to justify our hypothesis perhaps through a
more detailed investigation of the OPE.
In [5], the commutators involving E(x⊥) and K(x⊥) were determined using the assump-
tions above. We review their derivation below and subsequently generalize to commutators
involving NA(x⊥).
Throughout, we will organize our derivation using the following two quantum numbers:
the scaling dimension ∆ and the boost charge on the 01-plane J . We will fix our convention
for J to be such that the coordinate x− has J = −1. Their difference ∆−J is usually called
the twist. We will encounter candidate terms in the commutator which can be written as
integrals of local operators with integral scaling dimension and boost charge. If we assume
our theory is generic and interacting, the only such operators are conserved spin one currents
for global symmetries and the energy-momentum tensor. This anticipates our conclusion that
only integrals of such operators can appear in the light-ray algebra. In fact we will see that
E ,K,NA form a closed algebra. One intuitive way to understand this is that after integrating
over transverse coordinates we must recover the commutators of conformal symmetry and the
appearance of other operators in the light-ray algebra would generally spoil this requirement.
3Although we only use the Ward identities of Poincare´ generators in our derivation, we verify that our
results are also consistent with the Ward identities of conformal symmetry in Appendix A.
4We thank P. Kravchuk and J. Maldacena for discussions on this point.
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3.2 Computations of the Commutators
[E , E ]
Let us start with the commutator between two ANEC operators on S:
[E(x⊥1 ), E(x⊥2 )] =
[∫ ∞
−∞
dx−1 T−−(x
−
1 , x
+
1 = 0, x
⊥
1 ) ,
∫ ∞
−∞
dx−2 T−−(x
−
2 , x
+
2 = 0, x
⊥
2 )
]
. (3.5)
The Lorentzian separation between the two energy-momentum tensor operators is |x⊥12|2.
It follows that the two integrands are space-like separated as long as x⊥12 6= 0. Hence the
commutator only has support at x⊥1 = x
⊥
2 , i.e. there can only be transverse contact terms
on the right-hand side of (3.5). Therefore the commutator takes the form
[E(x⊥1 ), E(x⊥2 )] = δ(d−2)(x⊥12)L(x⊥2 ) + ∂Aδ(d−2)(x⊥12)LA(x⊥2 ) + · · · , (3.6)
where · · · represent terms with more derivatives on the transverse delta function and L and
LA are some non-local operators.
Let us first show that L = 0. We perform the x⊥1 transverse integral on both sides to
obtain:
[P−, E(x⊥2 )] = L(x⊥2 ) , (3.7)
Since the ANEC operator E is invariant under translation in the x− direction, the Ward
identity for translation implies that the right-hand side must vanish, i.e. L = 0.
What about the non-local operator LA? By our assumption of closure, LA can be written
as an integral of a local operator ΦA(x):
LA(x⊥2 ) =
∫ ∞
−∞
dx− g(x−) ΦA(x−, x+ = 0, x⊥2 ) , (3.8)
where g(x−) is some profile function. With this ansatz, we can show that there is no unitary
local operator ΦA that can appear on the right-hand side of (3.8).
To show this, let us compute the twist on the left-hand side of (3.5). The scaling di-
mension of the ANEC operator is ∆ = d − 1, while its boost charge is J = +1. Hence the
twist on the left-hand side is ∆ − J = 2d− 4. On the right-hand side, the transverse delta
function ∂Aδ
(d−2)(x⊥12) has ∆ = d − 1 and J = 0, while the profile function g(x−) and x−
do not contribute to the twist. It follows that the local operator ΦA has twist d − 3. In a
generic CFT the only operators of integral scaling dimension are spin-one currents and the
energy-momentum tensor, and neither has twist d− 3, thus implying that ΦA must vanish.
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More technically, in any CFT unitarity implies that local operators transforming in sym-
metric traceless vector representations (with J > 0), the twist must be greater or equal to
d− 2
∆− J ≥ d− 2 . (3.9)
Equality is saturated by conserved currents.5 Thus the candidate operator ΦA violates the
unitarity bound (3.9) and LA = 0. The terms in (3.6) with more derivatives of the transverse
delta function are similarly excluded.
We conclude that parallel ANEC operators commute
[E(x⊥1 ), E(x⊥2 )] = 0 . (3.10)
[K, E ]
By causality, the commutator [K, E ] takes the form
[K(x⊥1 ), E(x⊥2 )] = δ(d−2)(x⊥12)L(x⊥2 ) , (3.11)
where L is some non-local operator, and terms with derivatives of δ(d−2)(x⊥12) are ruled out
by the same twist gap argument. Below we will compute L.
By integrating (3.11) over x⊥1 we obtain the commutator
[
J01, E(x⊥2 )
]
, where J01 is the
boost generator on the 01-plane. Since the ANEC operator has boost charge +1, this com-
mutator must take the form [
J01, E(x⊥2 )
]
= −iE(x⊥2 ) . (3.12)
5More generally, there are local operators in conformal field theory transforming in Lorentz representations
where unitarity permits smaller twist, e.g. a scalar operator. (An explicit presentation of such representations
for d = 3, 4, 5, 6 can be found in Section 2.5 of [27].) We would like to argue that, even if they have appropriate
integral scaling dimensions, such operators do not occur in the light-ray algebra.
In d = 3 the only such operators are Lorentz scalars and spinors, and the latter clearly do not appear
in the algebra. Moreover scalars also do not occur since the light-ray integrand must carry some Lorentz
indices to match the boost charge. In d = 4 there are a priori more possibilities, however using the results
of [28] and Bose symmetry we can restrict our attention to Lorentz scalars and two-forms. As above, only the
two-form is potentially relevant and could in principle appear in the commutator [NA,NB ] below. However
the two-form can only have integral scaling dimension below the twist gap if it is an exactly free Maxwell
field. For simplicity we assume that no such fields are present, though we do not expect them to appear in
the light-ray algebra. We anticipate that similar ideas can exclude the appearance of exotic representations
in the light-ray algebra in d > 4.
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Incidentally, if we further integrate in x⊥2 , we find the expected commutation relation between
a boost and a translation in the Poincare´ algebra: [J01, P−] = −iP−. Hence, we conclude
that
[K(x⊥1 ), E(x⊥2 )] = −iδ(d−2)(x⊥12) E(x⊥2 ) . (3.13)
[K,K]
Again by causality and the twist gap argument, the commutator takes the form
[K(x⊥1 ),K(x⊥2 )] = iδ(d−2)(x⊥12)L(x⊥2 ) , (3.14)
where L is some non-local operator. Integrating both sides and enforcing the fact that K is
neutral under boosts in the 01-plane we conclude that L = 0 i.e.
[K(x⊥1 ),K(x⊥2 )] = 0 . (3.15)
Thus far we have reviewed the derivation in [5] of the commutation relations (3.10),
(3.13), (3.15) involving K and the ANEC operator E . We now move on to compute the
commutators involving NA.
[NA, E ]
The commutator is constrained by causality and unitarity to take the following general form
[NA(x⊥1 ), E(x⊥2 )] = iδ(d−2)(x⊥12)LA(x⊥2 ) + i∂Bδ(d−2)(x⊥12)LAB(x⊥2 ) , (3.16)
where LA and LAB are some non-local operators. Note that compared to the previous cases,
the twist on the left-hand side is increased by 1. It follows that the term proportional to
∂Bδ
(d−2)(x⊥12) now survives the twist gap bound, while higher derivative terms are excluded.
Integrating x⊥1 on both sides of (3.16), gives the translation PA along the x
A direction.
The Ward identity implies that [
PA, E(x⊥2 )
]
= −i∂AE(x⊥2 ) , (3.17)
and therefore
LA(x
⊥
2 ) = −∂AE(x⊥2 ) = −
∫ ∞
−∞
dx−2 ∂AT−−(x2) . (3.18)
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To determine the operator LAB(x
⊥
12) in (3.16), we integrate both sides over x
⊥
2 . Since
NA =
∫
dx−T−A is invariant under the translation along x− the result vanishes. It follows
that
∂AE(x⊥1 ) = ∂BLAB(x⊥1 ) . (3.19)
Let us write
LAB = δABE + LˆAB , (3.20)
so that the (3.19) implies the following equation for the light-ray operator LˆAB:
∂BLˆAB = 0 . (3.21)
We claim that the above equation implies that LˆAB vanishes. To see this we write LˆAB
as the integral of a local operator
LˆAB =
∫ ∞
−∞
dx−g(x−)OAB··· , (3.22)
and the differential equation for LˆAB becomes a conservation type equation on the integrated
operator. However, note that only the transverse x⊥ indices are summed. Since OAB··· must
transform as a local operator in a full representation of the Lorentz group, this equation
cannot be solved.6
Thus we conclude that LˆAB is zero and the commutator is
[NA(x⊥1 ), E(x⊥2 )] = −iδ(d−2)(x⊥12) ∂AE(x⊥2 ) + i∂Aδ(d−2)(x⊥12) E(x⊥2 ) . (3.24)
[NA,K]
The commutator is constrained by causality and unitarity to take the form
[NA(x⊥1 ),K(x⊥2 )] = iδ(d−2)(x⊥12)LA(x⊥2 ) + i∂Bδ(d−2)(x⊥12)LAB(x⊥2 ) , (3.25)
where LA and LAB are again some non-local operators to be determined. Integrating in x
⊥
1
and x⊥2 and enforcing Ward identities yields
LA(x
⊥) = −∂AK(x⊥) , ∂AK(x⊥) = ∂BLAB . (3.26)
6For instance, if OAB··· were conserved on the index B, then we have
∂BOAB··· ∼ ∂−OA+··· + ∂+OA−··· . (3.23)
The term involving ∂− above could plausibly be removed by the light-ray integral, however the term involving
∂+ cannot vanish.
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The differential equation above is solved by writing LAB = δABK+LˆAB where LˆAB must now
solve the homogenous equation ∂BLˆAB = 0. As in the argument below (3.21) this implies
that LˆAB vanishes and the commutator is
[NA(x⊥1 ),K(x⊥2 )] = −iδ(d−2)(x⊥12) ∂AK(x⊥2 ) + i∂Aδ(d−2)(x⊥12)K(x⊥2 ) . (3.27)
[NA,NB]
Finally, let us consider the commutator between NA. The most general ansatz consistent
with causality and the twist gap takes the form[NA(x⊥1 ),NB(x⊥2 )]
=iδ(d−2)(x⊥12)LAB(x
⊥
2 ) + i∂Cδ
(d−2)(x⊥12)LABC(x
⊥
2 ) + i∂C∂Dδ
(d−2)(x⊥12)LABCD(x
⊥
2 ) , (3.28)
where LABCD = LABDC . Integrating in x
⊥
1 and x
⊥
2 and enforcing the Ward identities implies
that
LAB(x
⊥) = −∂ANB(x⊥) , (3.29)
2∂(ANB)(x⊥) = ∂CLABC(x⊥) + ∂C∂DLABCD(x⊥) .
Next we enforce the constraint that the ansatz (3.28) is a consistent commutator. This
implies that it must be antisymmetric under the simultaneous exchange of 1 with 2 and A
with B. After such an exchange, the proposed commutator (3.28) is
iδ(d−2)(x⊥21)LBA(x
⊥
1 ) + i∂Cδ
(d−2)(x⊥21)LBAC(x
⊥
1 ) + i∂C∂Dδ
(d−2)(x⊥21)LBACD(x
⊥
1 ) . (3.30)
We can translate the operators above back to x⊥2 by writing x
⊥
1 = x
⊥
2 +x
⊥
12 and expanding in
a Taylor series. This expansion terminates at finite order since each term above is multiplied
by a delta function and we consider xn∂mδ(x) to be a trivial distribution if n > m. Therefore
(3.30) becomes:
iδ(d−2)(x⊥21)LBA(x
⊥
2 ) + i∂Cδ
(d−2)(x⊥21)
(
LBAC(x
⊥
2 ) + x
D
12∂DLBAC(x
⊥
2 )
)
(3.31)
+ i∂C∂Dδ
(d−2)(x21)
(
LBACD(x
⊥
2 ) + x
E
12∂ELBACD(x
⊥
2 ) +
1
2
xE12x
F
12∂E∂FLBACD(x
⊥
2 )
)
.
The terms with explicit factors of x⊥12 above can now be integrated by parts since in any
integral they must soak up the derivatives on the delta functions. Further changing the
arguments of the delta functions to x⊥12 (and being careful about signs), we deduce that in
addition to (3.29), antisymmetry of the commutator requires
LABCD(x
⊥) + LBACD(x⊥) = 0 , LABC(x⊥)− LBAC(x⊥) + ∂DLABCD(x⊥) = 0 . (3.32)
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By combining the equations (3.32) and (3.29) we can find simpler decoupled differential
equations for LABCD and LABC :
∂C∂DLABCD = 0 , ∂CLABC = 2∂(ANB) . (3.33)
Using the argument below (3.21), the first equation above implies that LABCD must vanish.
Note that here we must be slightly cautious about the fact that the differential operator
acting on LABCD is second order and therefore we need to exclude light-ray integrals of free
fields. However, LABCD saturates the twist gap (3.9), and free fields always have smaller
twist.
Identical considerations allow us to fix LABC . Indeed, decomposing as
LABC = δACNB + δBCNA + LˆABC , (3.34)
we deduce from (3.33) the homogeneous equation ∂CLˆABC = 0. Following the logic below
(3.21) we find that LˆABC vanishes.
In conclusion, the commutator is[NA(x⊥1 ),NB(x⊥2 )] = −iδ(d−2)(x⊥12) ∂ANB(x⊥2 )+i∂Aδ(d−2)(x⊥12)NB(x⊥2 )+i∂Bδ(d−2)(x⊥12)NA(x⊥2 ) .
(3.35)
3.3 Summary of the Algebra
Collecting (3.10), (3.13), (3.15), (3.24), (3.27), (3.35), let us summarize the algebra of parallel
light-ray operators E , K, NA on the light-sheet S:
[E(x⊥1 ), E(x⊥2 )] = 0 ,
[K(x⊥1 ),K(x⊥2 )] = 0
[K(x⊥1 ), E(x⊥2 )] = −iδ(d−2)(x⊥12) E(x⊥2 ) ,
[NA(x⊥1 ), E(x⊥2 )] = −iδ(d−2)(x⊥12) ∂AE(x⊥2 ) + i∂Aδ(d−2)(x⊥12) E(x⊥2 ) , (3.36)
[NA(x⊥1 ),K(x⊥2 )] = −iδ(d−2)(x⊥12) ∂AK(x⊥2 ) + i∂Aδ(d−2)(x⊥12)K(x⊥2 ) ,
[NA(x⊥1 ),NB(x⊥2 )] = −iδ(d−2)(x⊥12) ∂ANB(x⊥2 ) + i∂Aδ(d−2)(x⊥12)NB(x⊥2 ) + i∂Bδ(d−2)(x⊥12)NA(x⊥2 ) .
The algebra of the smeared non-local operators on the light-sheet S (such as (1.4)) can be
straightforwardly derived from (3.36). In the following we will consider a subset of these
smeared operators and identify their algebra as the generalized BMS algebra.
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3.4 The BMS Subalgebra
The light-ray algebra (3.36) has an infinite-dimensional subalgebra that is identical to the
generalized BMS algebra [20]. Let f(x⊥) and Y A(x⊥) be a scalar and a vector function in
the traverse Rd−2, respectively. Define
T (f) ≡
∫
dd−2x⊥f(x⊥)E(x⊥) , (3.37)
R(Y A) ≡
∫
dd−2x⊥Y A(x⊥)NA(x⊥) + 1
d− 2
∫
dd−2x⊥∂AY A(x⊥)K(x⊥) . (3.38)
The supertranslation T (f) is identified as a smeared version of the ANEC operator E , while
the superrotation R(Y A) is a particular linear combination of smeared K and NA light-ray
operators. Note that our identification is consistent with the geometric properties of the
BMS algebra. For instance, the supertranslation is an x⊥-dependent translation along the
x− direction, and precisely this transformation is generated by the smeared ANEC operator
T (f).
Let us verify that the operators in (3.37) indeed generate the generalized BMS algebra
(2.4). First, since [E(x⊥1 ), E(x⊥2 )] = 0, we immediately have [T (f1), T (f2)] = 0. Next, using
(3.36), we can easily compute
[T (f),R(Y A)] = iT (g) , (3.39)
where
g =
1
d− 2(∂AY
A)f − Y A∂Af . (3.40)
Finally, let us check the commutator between the superrotations:
[R(Y A1 ),R(Y A2 )] = i
∫
dd−2x⊥Y A3 (x
⊥)NA(x⊥)
+
i
d− 2
∫
dd−2x⊥1
∫
dx⊥2 Y
A
1 (x
⊥
1 )∂BY
B
2 (x
⊥
2 )
[−δ(d−2)(x⊥12)∂AK(x⊥2 ) + ∂Aδ(d−2)(x⊥12)K(x⊥2 )]
+
i
d− 2
∫
dd−2x⊥1
∫
dd−2x⊥2 ∂AY
A
1 (x
⊥
1 )Y
B
2 (x
⊥
2 )
[
δ(d−2)(x⊥21)∂BK(x⊥1 )− ∂Bδ(d−2)(x⊥21)K(x⊥1 )
]
= i
∫
dd−2x⊥Y A3 (x
⊥)NA(x⊥) + i
d− 2
∫
dd−2x⊥(Y A1 ∂A∂BY
B
2 − Y A2 ∂A∂BY B1 )(x⊥)K(x⊥)
= iR(Y A3 ) , (3.41)
where
Y A3 = Y
B
1 (∂BY
A
2 )− (∂BY A1 )Y B2 . (3.42)
These commutators exactly reproduce the generalized BMS algebra in d dimensions (2.4).
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4 Spin-One Conserved Currents
The analysis of the previous section is easily extended to conformal field theories with a
continuous global symmetry G. Denote the associated spin-one conserved currents by jaµ(x),
where a is the adjoint index of the symmetry group G. The charge operators are defined on
a codimension one manifold Σ:
Qa =
∫
Σ
dΣµ jaµ(x) . (4.1)
The commutator of the charge operators is
[Qa, Qb] = ifabcQc , (4.2)
where fabc are the structure constants of G.
Define the light-ray operator
J a(x⊥) ≡
∫ ∞
−∞
dx− ja−(x) , (4.3)
on the light-sheet S : x+ = 0. If we further integrate in the x⊥ directions with a constant
profile, we reproduce the standard charge operators Qa defined on the light-sheet S. The
light-ray operator J a(x⊥) has scaling dimension ∆ = d− 2 and boost charge J = 0.
Let us compute the commutator between these light-ray operators. By causality and
unitarity, the commutator must take the form
[J a(x⊥1 ),J b(x⊥2 )] = iδ(d−2)(x⊥12)Lab(x⊥2 ) , (4.4)
where terms with derivatives of δ(d−2)(x⊥12) are ruled out by the twist gap bound. Integrating
both sides in x⊥1 and using the Ward identity of Q
a, we find Lab(x⊥) = fabcJ c(x⊥). Thus,
[J a(x⊥1 ),J b(x⊥2 )] = iδ(d−2)(x⊥12) fabcJ c(x⊥2 ) . (4.5)
We can smear the light-ray operator J a(x⊥) with an arbitrary function g(x⊥) to define
a non-local operator supported on S
Qa(g) ≡
∫
dd−2x⊥ g(x⊥)J a(x⊥) . (4.6)
These operators have been considered in [29] in the context of asymptotic symmetries of
Yang-Mills theory. Using (4.5), we find that Qa(g) obeys the algebra
[Qa(g1),Qb(g2)] = ifabcQc(g1g2) . (4.7)
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5 Light-ray Algebra in Correlation Functions
In this section we would like to verify the light-ray algebra (3.36) inside correlation functions.
Specifically, we will compute the matrix elements of light-ray operators between two scalar
primary operators O(x). Such calculations were first considered in [9].
5.1 Matrix Elements of One Light-ray Operator
We start with the matrix element of a single light-ray operator between two scalar primaries
O(x) of scaling dimension ∆. The case of the ANEC operator was computed in [10]. Here
we will set up the calculation and extend their results to other light-ray operators.
We will normalize our two-point function as
〈O(x)O(0)〉 = N
rd−2
, (5.1)
where r2 = xµxµ. The 〈OTO〉 three point function is given in (3.1) of [30]:
〈O(x2)Tµν(x1)O(x3)〉 = a 1
rd12r
2∆−d
23 r
d
13
(
X23µX23ν
X223
− 1
d
ηµν
)
, (5.2)
where
Xµ23 =
xµ12
r212
− x
µ
13
r213
, (5.3)
and
a ≡ −N∆ d
(d− 1)Sd . (5.4)
Here Sd = 2pi
d/2/Γ(d/2).
We will place the energy-momentum tensor T (x1) at the light-sheet S: x+1 = 0, while the
two O’s away from S. For such a configuration, we have
r212 = −(x−12 + i)(−x+2 + i) + |x⊥12|2 ,
r213 = −(x−13 − i)(−x+3 − i) + |x⊥13|2 ,
r223 = −x+23x−23 + |x⊥23|2 .
(5.5)
The i’s are included to so that the operator ordering in Lorentzian signature is exactly as
written in (5.2).
To simplify the calculation, we will restrict to d = 4 for the rest of this subsection unless
otherwise stated.
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Let us start with the three-point function involving the ANEC operator. The relevant
component is
〈O(x2)T−−(x1)O(x3)〉 = a
4
1
r212r
2∆−2
23 r
2
13
(
x+12
r212
− x
+
13
r213
)2
. (5.6)
Since the three-point function (5.6) falls off at large x−1 as 1/(x
−
1 )
6, the x−1 integral can be
done by evaluating the residue where r213 vanishes. This pole is located at
x−1 = x
−
3 −
|x⊥13|2
x+3
+ i
(
1 +
|x⊥13|2
(x+3 )
2
)
+O(2) . (5.7)
Note that in particular this pole is on the upper half-plane. We obtain
〈O(x2)E(x⊥1 )O(x3)〉 = −
3a
2
(2pii)
1
r2∆−223
(x+2 x
+
3 )
2[
x+2 (−x−3 x+3 + |x⊥13|2)− x+3 (−x−2 x+2 + |x⊥12|2)
]3 .
(5.8)
This is consistent with (3.21) of [10]. We also observe that this three-point function is
well-defined and vanishes with the two O’s approach the light-sheet x+ = 0.
The matrix elements of K can be similarly computed to be
〈O(x2)K(x⊥1 )O(x3)〉
=
3a
4
(2pii)
1
r2∆−223
x+2 x
+
3
[
x+2 (−x−3 x+3 + |x⊥13|2) + x+3 (−x−2 x+2 + |x⊥12|2)
][
x+2 (−x−3 x+3 + |x⊥13|2)− x+3 (−x−2 x+2 + |x⊥12|2)
]3 . (5.9)
Finally, let us compute 〈O(x2)NA(x⊥1 )O(x3)〉. The relevant component of the three-point
function (5.2) is
〈O(x2)T−A(x1)O(x3)〉 = −a
2
1
r212r
2∆−2
23 r
2
13
(
x+12
r212
− x
+
13
r213
)(
xA12
r212
− x
A
13
r213
)
. (5.10)
Since the three-point function (5.6) falls off at large x−1 as 1/(x
−
1 )
5, the x−1 integral can again
be done using the residue theorem. We get
〈O(x2)NA(x⊥1 )O(x3)〉
= −3a
2
(2pii)
1
r2∆−223
x+2 x
+
3
(
xA13x
+
2 + x
A
12x
+
3
)[
x+2 (−x−3 x+3 + |x⊥13|2)− x+3 (−x−2 x+2 + |x⊥12|2)
]3 . (5.11)
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5.1.1 Subtleties on the Light-sheet
So far we have assumed that the two scalar operators are away from the light-sheet S : x+ =
0. If we wish to extend our analysis to the case where the scalars are also placed on S we must
confront the fact that matrix elements of light-ray operators are generally not well-defined
when other local operators are on the same light-sheet.7
To illustrate this point, consider the limit where both scalars O tend to the the light-sheet
S as:
x+2 = δ , x
+
3 = αδ , δ → 0 , α = fixed . (5.12)
While the matrix element 〈OEO〉 vanishes in this limit, the other two approach α-dependent
constants:
〈O(x2)K(x⊥1 )O(x3)〉 → −
3a
4
(2pii)
1
r2∆−223
α(α|x⊥12|2 + |x⊥13|2)
(α|x⊥12|2 − |x⊥13|2)3
, (5.13)
〈O(x2)NA(x⊥1 )O(x3)〉 → −3a(2pii)
1
r2∆−223
α(αxA12 + x
A
13)
(α|x⊥12|2 − |x⊥13|2)3
. (5.14)
Thus, unlike 〈OEO〉, the matrix elements 〈OKO〉 and 〈ONAO〉 are not defined when every
operator is on the same light-sheet.8
In fact, a similar issue also appears for the light-ray operator J (x⊥) of a spin-one con-
served current studied in Section 4. The matrix element between two charged complex scalar
primaries of dimension ∆ in a d-dimensional CFT has been computed in (3.21) of [10]:
〈O(x2)J (x⊥2 )O∗(x3)〉 = N
(x+2 x
+
3 )
d−2
2[
x+2 (−x−3 x+3 + |x⊥13|2)− x+3 (−x−2 x+2 + |x⊥12|2)
]d−2 , (5.16)
where N is a normalization constant. Indeed, we see that, in the limit (5.12), this matrix
element depends on the slope α.
The subtleties above suggest that the matrix element of light-ray operators on the light-
sheet generally requires a choice of regularization scheme. For example, one can regulate
7We thank T. Hartman, P. Kravchuk, D. Simmons-Duffin, and D. Stanford for useful discussions on this
point.
8Incidentally, the x−1 integral
〈O(x2)
∫
dx−1 (x
−
1 )
nT−−(x1)O(x3)〉 (5.15)
involving the light-ray operators considered in [5] is divergent for n ≥ 5 and generic x2, x3. For 4 ≥ n ≥ 2,
the matrix element is finite for generic x2 and x3, but is singular in the limit (5.12). On the the hand, it is
a α-dependent constant when n = 1 and vanishes when n = 0 as discussed above.
17
the light-ray integrals by truncating the range of x− to be finite.9 For the remainder of
this work, we will sidestep these complications by restricting our attention to correlation
functions where the other local operators are not on the light-sheet S.
5.2 The Algebra of Light-ray Operators in Free Field Theory
In this section we compute a matrix element of the commutator of light-ray operators and ver-
ify the algebra (3.36) in free scalar field theory. In particular, we will verify [E(x⊥1 ), E(x⊥2 )] = 0
and [K(x⊥1 ), E(x⊥2 )] = −iδ(d−2)(x⊥12) E(x⊥2 ).
The computation involves a four-point function 〈O T−−T−−O〉. We choose the operator
O to be the free scalar field denoted as φ(x) with scaling dimension ∆ = d−2
2
, normalized as
in [30]
〈φ(x)φ(0)〉 = 1
(d− 2)Sd
1
rd−2
. (5.17)
The energy-momentum tensor is
Tµν = ∂µφ∂νφ− 1
4
1
d− 1
[
(d− 2)∂µ∂ν + ηµν∂2
]
φ2 . (5.18)
The two-point function of the energy-momentum tensor generally takes the form
〈Tµν(x)Tρσ(0)〉 = CT
r2d
[
1
2
(Iµρ(x)Iνσ(x) + Iµσ(x)Iνρ(x))− 1
d
ηµνηρσ
]
,
Iµν(x) = ηµν − 2xµxν
r2
. (5.19)
For a free scalar field, CT is
CT =
d
d− 1
1
(Sd)2
. (5.20)
The four-point function 〈φ(x1)T−−(x2)T−−(x3)φ(x4)〉 can be computed by Wick contrac-
9We thank T. Hartman for discussions on this point.
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tions:
((d− 2)Sd)3 × 〈φ(x1)T−−(x2)T−−(x3)φ(x4)〉 (5.21)
=
d(d− 2)2
4(d− 1)
(x+23)
4
rd−214 r
2d+4
23
+4
[(
∂
∂x−2
1
rd−212
)(
∂2
∂x−2 ∂x
−
3
1
rd−223
)(
∂
∂x−3
1
rd−234
)
+ (2↔ 3)
]
+4
[(−(d− 2)
4(d− 1)
)2(
∂2
∂(x−2 )2
∂2
∂(x−3 )2
1
rd−212 r
d−2
23 r
d−2
34
)
+ (2↔ 3)
]
+4
{[(−(d− 2)
4(d− 1)
)
∂2
∂(x−2 )2
(
1
rd−212
(
∂
∂x−3
1
rd−223
)(
∂
∂x−3
1
rd−234
))
+ (2↔ 3)
]
+ (1↔ 4)
}
.
The second line is the disconnected contribution 〈T−−(x2)T−−(x3)〉〈φ(x1)φ(x4)〉. The overall
factor ((d− 2)Sd)3 comes from our normalization of the scalar two-point function (5.17) and
appears on the left-hand side above. The Lorentzian separation is r2ij = −x+ijx−ij + |x⊥ij|2.
To enforce the appropriate time ordering we use the following i prescription:
x±1 → x±1 − 2i , x±2 → x±2 − i , x±3 → x±3 + i , x±4 → x±4 + 2i . (5.22)
Furthermore, we place the two energy-momentum tensors on the light-sheet S, i.e.
Re(x+2 ) = Re(x
+
3 ) = 0 . (5.23)
Below, we further restrict to d = 4.
〈φ[E , E ]φ〉
To obtain the ANEC operator, we first integrate (5.21) in x−2 . The integral can be done by
deforming the contour to circle the pole where r212 = 0. This pole is located at
x−2 = x
−
1 −
|x⊥12|2
x+1
− i
(
1 +
|x⊥12|2
(x+1 )
2
)
+O(2) . (5.24)
It turns out that only the first term on the third line of (5.21) contributes. In this way we
obtain 〈φ(x1)E(x⊥2 )T−−(x3)φ(x4)〉. Next we integrate in x−3 and deform the contour to circle
the pole where r234 = 0. This pole is located at
x−3 = x
−
4 −
|x⊥34|2
x+4
+ i
(
1 +
|x⊥34|2
(x+4 )
2
)
+O(2) . (5.25)
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After a somewhat tedious calculation, we obtain
〈φ(x1)E(x⊥2 )E(x⊥3 )φ(x4)〉 =
96
pi4
4
x+1 x
+
4 (|x⊥23|2 + iA)5
, (5.26)
where A = 1
x+1 x
+
4
(
2x−14x
+
1 x
+
4 − 2x+4 |x⊥12|2 + 2x+1 |x⊥34|2 + x+14|x⊥23|2
)
. This result should be in-
terpreted as a distribution: it vanishes when x⊥23 is non-zero, but diverges as → 0 when x⊥23
vanishes. By inspection, we see that the four-point function is symmetric in x⊥2 and x
⊥
3 , and
hence we find
〈φ(x1)[E(x⊥2 ), E(x⊥3 )]φ(x4)〉 = 0 , (5.27)
which is consistent with the light-ray algebra [E , E ] = 0. This matrix element is also studied
in [11].
〈φ[K, E ]φ〉
Finally, we consider the more non-trivial light-ray commutator [K(x⊥1 ), E(x⊥2 )] = −iδ(2)(x⊥12) E(x⊥2 ).
The four-point functions 〈φ(x1)K(x⊥2 )E(x⊥3 )φ(x4)〉 and 〈φ(x1)E(x⊥2 )K(x⊥3 )φ(x4)〉 can be straight-
forwardly computed following the previous steps by inserting x− into the integral. Again
only the first term in the third line of (5.21) contributes. The final result is
〈φ(x1)[K(x⊥2 ), E(x⊥3 )]φ(x4)〉 =
24i
pi4
3(|x⊥23|2 − iB)
x+1 x
+
4 (|x⊥23|2 + iA)5
, (5.28)
where B = 1
x+1 x
+
4
(
2x−14x
+
1 x
+
4 − 2x+4 |x⊥12|2 + 2x+1 |x⊥34|2 − x+14|x⊥23|2
)
. We want to show that
this matrix element 〈φ(x1)[K(x⊥2 ), E(x⊥3 )]φ(x4)〉 of the commutator is proportional to the
transverse delta function δ(2)(x⊥23). Indeed, the matrix element has the following properties:
• If x⊥23 6= 0, it is 0 as → 0.
• If x⊥23 = 0, it is singular as → 0.
To finish the argument, we need to make sure upon integration in x⊥2 ,∫
d2x⊥2 〈φ(x1)[K(x⊥2 ), E(x⊥3 )]φ(x4)〉 = −i〈φ(x1)E(x⊥3 )φ(x4)〉 . (5.29)
We will check this in a special case where x⊥1 = x
⊥
3 = 0. In this case the transverse integral
in x⊥2 can be done analytically:∫
d2x⊥2 〈φ(x1)[K(x⊥2 ), E(x⊥3 )]φ(x4)〉 =
1
2pi3
(x+4 )
2
x+1 (|x⊥4 |2 + x−14x+4 )3
, x⊥1 = x
⊥
3 = 0 . (5.30)
20
The right-hand side is indeed the three-point function −i〈φ(x1)E(x⊥3 )φ(x4)〉 computed in
(5.8) with ∆ = 1, d = 4, a = − 1
6pi4
, and x⊥1 = x
⊥
3 = 0. Moreover, if we integrate the
four-point function 〈φ(x1)[K(x⊥2 ), E(x⊥3 )]φ(x4)〉 against a positive power of x⊥2 , the answer
vanishes as  → 0. This is consistent with the fact that there is no derivatives of the delta
function in [K(x⊥2 ), E(x⊥3 )].
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A Conformal Ward Identities for Light-ray Operators
In Section 3 we have used the Ward identities of the translation and the boost symmetry to
constrain the algebra of the light-ray operators (3.36). In this appendix we will check that
(3.36) is also consistent with the Ward identities of some other generators of the conformal
algebra.
On any codimension one manifold Σ, the global charges for the translation Pµ, the Lorentz
transformation Jµν , the dilation D, and the special conformal transformation Kµ are
Pµ =
∫
dΣρ Tρµ , Jµν = 2
∫
Σ
dΣρ x[µTν]ρ(x) ,
D =
∫
Σ
dΣρ xµTρµ , Kµ =
∫
Σ
dΣρ
(
2xµx
νTρν − x2Tρµ
)
.
(A.1)
The action of these global charges on a local operator O(x) of dimension ∆ is (here we
suppress the spin indices of O)
[Pµ,O(x)] = −i∂µO(x) , (A.2)
[Jµν ,O(x)] = −2ix[µ∂ν]O(x) +Mµν · O(x) , (A.3)
[D,O(x)] = −ixµ∂µO(x)− i∆O(x) , (A.4)
[Kµ,O(x)] = −2ixµxν∂νO(x) + ix2∂µO(x)− 2i∆xµO(x) + 2xνMµν · O(x) , (A.5)
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where Mµν , for any fixed pair of µν, is a finite-dimensional matrix in the Lorentz represen-
tation of O(x). For example, for a vector field Vµ(x), we have Mµν · Vρ(x) = (Mµν)σρVσ(x) =
−i(ηµρVν(x)− ηνρVµ(x)). The action of the global charges on light-ray operators is given by
integrating the above along x−.
We will focus on the transverse rotation JAB, the dilation D, and the transverse special
conformal transformation KA. On the light-sheet S : x+ = 0, they take the form
JAB = 2
∫
dd−2x⊥ x[ANB](x⊥) , (A.6)
D =
∫
dd−2x⊥
(K(x⊥) + xANA(x⊥) ) , (A.7)
KA =
∫
dd−2x⊥
(
2xAK(x⊥) + 2xAxBNB(x⊥)− |x⊥|2NA(x⊥)
)
. (A.8)
Let us start with the commutator [JCA, E(x⊥2 )]:
[JCA, E(x⊥)] = 2
∫
dd−2x⊥1 x1[C [NA](x⊥1 ), E(x⊥)] = −2ix[C∂A]E(x⊥) , (A.9)
which is consistent with (A.3). Let us move on to [D, E(x⊥)]:
[D, E(x⊥)] =
∫
dd−2x⊥1
[K(x⊥1 ) + x1ANA(x⊥1 ), E(x⊥) ]
= −ixA∂AE(x⊥)− i(d− 1)E(x⊥) , (A.10)
which is consistent with (A.4) with ∆ = d−1. Recall that E(x⊥) is placed on the light-sheet
S where x+ = 0. Moreover, ∂−E = 0. Moving on to [KA, E(x⊥)]:
[KA, E(x⊥)] =
∫
dd−2x⊥1
[
2x1AK(x⊥1 ) + (2x1Ax1B − δAB|x⊥1 |2)NB(x⊥1 ), E(x⊥)
]
= −2i(xAxB − δAB|x⊥|2)∂AE(x⊥)− 2i(d− 1)xAE(x⊥) (A.11)
which agrees with (A.5). Similarly the commutators with K can be shown to be consistent
with (A.3), (A.4), and (A.5).
Let us now check the commutators involving NA. We have
[JCA,NB(x⊥)] = −ixC∂ANB(x⊥) + ixA∂CNB(x⊥)− iδBCNA(x⊥) + iδBANC(x⊥) , (A.12)
which is consistent (A.3). Next,
[D,NB(x⊥)] =
∫
dd−2x⊥1
[K(x⊥1 ) + x1ANA(x⊥1 ),NB(x⊥) ]
= −ixA∂ANB(x⊥)− i(d− 1)NB(x⊥) . (A.13)
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Finally,
[KA,NB(x⊥2 )] =
∫
dd−2x⊥1
[
2x1AK(x⊥1 ) + (2x1Ax1C − δAC |x⊥1 |2)NC(x⊥1 ),NB(x⊥2 )
]
= 2i
∫
dd−2x⊥1 x1A
(
δ(d−2)(x21)∂BK(x⊥1 )− ∂Bδ(d−2)(x⊥21)K(x⊥1 )
)
+
∫
dd−2x⊥1 (2x1Ax1C − δAC |x⊥1 |2)
(−iδ(d−2)(x⊥12)∂CNB(x⊥2 ) + 2i∂(Cδ(d−2)(x⊥12)NB)(x⊥2 ) )
= −i(2x2Ax2C − δAC |x⊥2 |2)∂CNB(x⊥2 )− 2i(d− 1)x2ANB(x⊥2 )
− 2i(δABx2C − δACx2B)NC(x⊥2 )− 2iδABK(x⊥2 ) , (A.14)
which agrees with (A.3) acting on the integrand of NB. Here we have used
2
∫ ∞
−∞
dx− xνMAν · T−B(x) = 2
∫ ∞
−∞
dx− xCMAC · T−B(x) + 2
∫ ∞
−∞
dx− x−MA− · T−B(x)
=− 2ixC(δABNC − δCBNA)− 2iδABK . (A.15)
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